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Abstract
A new mechanism for suppression of the instanton density in the infrared is considered.
This mechanism is based on the phenomenon of topological charge screening, which leads
to an effective cutoff in the contribution of large instantons.
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Instantons, strong topological fluctuations of gluon fields in QCD, are widely believed
to play an important role in the physics of the strong interaction (for reviews see [1],
[2]). In particular, instantons provide mechanisms for the violation of both U(1)A and
chiral symmetry in QCD, and may therefore be important in determining hadron masses
and in the resolution of the famous U(1)A problem. Furthermore, it was recently shown
that instantons persist through the deconfinement transition, so that instanton-induced
interactions between quarks and gluons may underlie the unusual properties of the so-
called strongly coupled quark-gluon plasma recently discovered at RHIC [3].
One longstanding problem in the calculation of instanton contributions to physical
processes is the uncertainty in their distribution over the full range of instanton length
scales. For small instantons in the instanton dilute gas approximation this distribution is
well known,
D0(ρ) =
d
ρ5
( 2π
αs(ρ)
)2Nc
e−S(ρ) (1)
where d is a renormalization scheme dependent constant, and
S(ρ) = S0(ρ) =
2π
αs(ρ)
(2)
is the Euclidean action of the instanton solution. This distribution increases rapidly with
increasing instanton size, as D0(ρ) ≈ ρ
β0−5 (where β0 = 11Nc/3− 2Nf/3). The resulting
instanton density integral is divergent, so it is impossible to make definite quantitative
predictions regarding instanton effects given this distribution. Shifman, Vainshtein and
Zakharov (SVZ) [4] have shown that at an instanton length scale of ρ ≈ 1 GeV−1 the
interaction between instantons and the gluon condensate becomes strong, which leads to
a significant change in the instanton density at large instanton length scales,
Dcond(ρ) ≈ D(ρ)0 exp
{
π4ρ4
8α2s(ρ)
< 0|
αs
π
GaµνG
a
µν |0 >
}
(3)
where the gluon condensate is numerically [5]
< 0|
αs
π
GaµνG
a
µν |0 >= 0.009± 0.007 GeV
4. (4)
Evidently this interaction leads to an even stronger divergence in the instanton density
at large length scales than in Eq.(1). Recent lattice calculations however show a damping
in the rate of increase of the instanton density for instanton lengths of ρc ∼ 0.3− 0.5 fm,
followed by a rapid decrease at larger instanton sizes [6]. Several scenarios have been
suggested to explain the physics behind this phenomenon. One possible mechanism for
this decrease is a repulsive interaction between large instantons. This idea was suggested
by Ilgenfritz and Mu¨ller-Preussker in a papers [7] and was developed by Diakonov and
Petrov later on [8]. The effect of confinement on the instanton distribution, considered
by Shuryak, is another possible mechanism for the suppression of the instanton density
at large ρ [9]. In a paper by Dorokhov et al. [10] it was shown that the deformation of
instantons in external vacuum fields might also lead to a suppression of the density of
large instantons.
In this Letter we consider another possible mechanism for the suppression of large
instantons, which is the influence of topological charge screening on instanton density.
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This screening effect is known to play an important role in the properties of the η′ meson,
and leads in particular to a vanishing topological susceptibility
χ(k2) = i
∫
d4x eikx < 0|T{Q5(x)Q5(0)}|0 > (5)
as k2 → 0, in the chiral limit [1]. In Eq.(5),
Q5(x) =
αs
8π
Gaµν(x)G˜
a
µν(x) (6)
is the topological charge density, and G˜aµν = 1/2ǫµναβG
a
αβ is the dual gluon field strength
tensor.
Our starting point is the SVZ interaction between an instanton and an external gluon
field [4]:
Leff(x0) =
∫
dρD0(ρ) exp
(
−
2π2ρ2
gs
η¯aαβG
a
αβ(x0)
)
. (7)
Here η¯aαβ is ’t Hooft’s symbol, and x0 is the instanton’s location. On expanding Eq.(7)
in powers of the gluon field strength Gαβ, and keeping only terms with an even number
of gluon fields, we find
Leff =
∫
dρD0(ρ)
[
1 +
1
2!
(2π2ρ2c
gs
)2
η¯aαβ η¯bµνG
a
αβG
b
µν
+
1
4!
(2π2ρ2c
gs
)4
η¯aαβ η¯bµν η¯cρση¯fτγG
a
αβG
b
µνG
c
ρσG
f
τγ + ...
]
. (8)
The effect of the gluon condensate on the instanton density at leading order is
Leff =
∫
dρD0(ρ)
[
1 +
π4ρ4
8α2s(ρ)
< 0|
αs
π
GaµνG
a
µν |0 > +...
]
, (9)
which follows from the second term in Eq.(8), after using the color-singlet nature of the
vacuum state
< 0|GaαβG
b
µν |0 >=
1
N2c − 1
δab < 0|GaαβG
a
µν |0 > (10)
and an identity for ’t Hooft symbols in Minkowski space-time,
η¯aαβ η¯aµν = gαµgβν − gανgβµ − iǫαβµν . (11)
The expansion of Eq.(7) to high orders, combined with an assumption of factorization for
the higher < 0|G2n|0 > condensates, leads to the exponential form given in Eq.(3).
We emphasize that in their original derivation of the effect of gluon condensates on
the instanton density [4], SVZ ignored all terms involving the dual tensor G˜aµν . Actually
only the leading term in the dual tensor expansion vanishes,
< 0|Q5(x)|0 >= 0, (12)
due to the CP invariance of the QCD vacuum. Terms involving higher powers of G˜aµν
generally do contribute to the expansion in Eq.(8). The leading dual tensor contribution
arises from the third term in Eq.(8), and involves the matrix element
M =< 0|η¯aαβ η¯bµν η¯cρση¯fτγG
a
αβG
b
µνG
c
ρσG
f
τγ|0 > . (13)
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By using the formula for the vacuum matrix element
< 0|GaαβG
b
µνG
c
ρσG
f
τγ |0 >→
δabδcf
N4c − 1
< 0|(GdαβG
d
µνG
m
ρσG
m
τγ + perms.)|0 >, (14)
one obtains
∆Leff ∼
∫
dρD0(ρ)
π6ρ8
5 · 25α4s(ρ)
< 0|αsG
a
µν(x1)G˜
a
µν(x2)αsG
b
αβ(x3)G˜
b
αβ(x4)|0 >, (15)
where xi ≈ x0. In Eq.(15) the nonlocality of the instanton is explicitly taken into account.
This differs from the contribution of a pure gluon condensate, for which one can use the
local approximation xi = x0. The difference follows from the singular behavior of the
topological density at the origin. To illustrate this, note that in the instanton model of
the QCD vacuum the correlator of topological density in the chiral limit is [1]
< 0|Q5(x)Q5(0)|0 >≈
N
V
[
δ4(x)−
2Nf
f 2pi
N
V
< 0|η′(x)η′(0)|0 >
]
, (16)
where N/V is the instanton density. The local term in Eq.(16) gives the contribution of
a single instanton centered at the origin, and the second term is the so-called screening
contribution. Evidently one should ignore the contribution of the first term in Eq.(16)
in estimating the matrix element in Eq.(15), because it arises from the instanton under
consideration. Therefore in the limit |xi − xj | → 0 we obtain
< 0|αsG
a
µνG˜
a
µναsG
b
αβG˜
b
αβ|0 >
scr≈ −
4
π2
∫
d4kE χ¯(k
2
E), (17)
where χ¯(k2E) is the screening contribution to the topological susceptibility (for Euclidean
momenta). It should be noted that the exact form of χ(k2) is unknown, and only model
calculations of this function are available (see [1], [11], [12]). Here we are interested in
the long range behavior of χ, which can be represented by the expression
χ(k2E) ≈ −χ
′(0)m2η′ (1− e
−k2
E
/m2
η′ ), (18)
where the value of the derivative χ′(0) is known from a QCD sum rule calculation [11],
χ′(0) = (2.3± 0.6)× 10−3 GeV2. From Eq.(18), the screening part is
χ¯(k2E) ≈ χ
′(0)m2η′ e
−k2
E
/m2
η′ . (19)
Thus we find the estimate
< 0|αsG
a
µνG˜
a
µναsG
b
αβG˜
b
αβ|0 >
scr≈ −4χ′(0)m6η′ . (20)
It is easy to show that the higher order expansion in G˜aµν can be exponentiated, given the
assumption of vacuum state dominance. Our final result for the screening correction to
the instanton density is thus
∆Leff ≈
∫
dρD0(ρ) exp
(
−
π6ρ8
40α4s(ρ)
χ′(0)m6η′
)
. (21)
3
In contrast to the ρ4 dependence in the exponential factor in Eq.(3), our novel cor-
rection evidently has a faster ρ8 behavior in the exponent. The sign of this contribution
is very important; since it is negative, this effect leads to a suppression of the instanton
density at large ρ. We emphasize that this sign is determined by the sign of the screening
correction in Eq.(16), and follows from the general property of the positivity of state
norms in Euclidean field theory [13].1
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Figure 1: The ratio of our effective action to the free instanton action, after incorporating
the gluon condensate contribution (dashed) and the screening correction (solid).
In Fig.1 we show the effective action ratio Seff(ρ)
cond,scr/S0(ρ), where Seff(ρ)
cond is
the effective action including the gluonic condensate correction, Eq.(3), and Seff(ρ)
scr
is the action including the screening contribution, Eq.(21). To generate this figure the
expression
αs(ρ) =
4π
9 ln[(1/(ρ2Λ2)]
(22)
was used to estimate the strong coupling constant, where Λ ≈ 300 MeV. It is evident in
Fig.1 that the effect of screening on the instanton density becomes dominant at rather
small instanton length scales (ρ > 1 GeV−1), and leads to a rapid increase in the effective
instanton action at large instanton scales. One can therefore anticipate a corresponding
cutoff in the instanton density relative to the dilute gas approximation of Eq.(1).
In summary, we have shown that topological charge screening strongly affects the
length scale dependence of the distribution of instantons, and provides a natural infrared
cutoff in the instanton density.
1We are grateful to A.Di Giacomo for clarifying this point.
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